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Abstract 

The branching ratios of the K° — > 7r~/ + f/7 (/ = e, fi) decays, and the T-odd 
triple momenta correlations £ = q • [pj x p n ]/M^, due to the electromagnetic final 
state interaction, in these processes are calculated. The contributions on the order of 
uj~ l and lu° to the corresponding amplitudes are treated exactly. For the branching 
ratios and T-odd correlation in K° — > 7r~e + z/ e 7 decay, the corrections on the order 
CN ■ of to are estimated and demonstrated to be small. The results for the branching 

ratios are in good agreement with the previous ones. The T-odd triple momenta 
, correlations in Kj^ decays are calculated for the first time. The values of the £- 

j^. | odd asymmetry constitute —1 x 1CP 4 and —4.5 x 10~ 4 in the K — > ix~ [i^v^ and 

—> tv e + z^ e 7 decays, respectively. 

Ph. 1. The K° — > 7r~/ + z/;7 (I = e, p) decays were previously studied theoretically in 

Refs. [II [21 [31 H] . Therein the branching ratios of these decays were calculated. As for the 
T-odd triple momenta correlations £ = q-[pi xp^j/M^, as induced by the electromagnetic 
final state interaction, they were considered only in the K + — > 7r°/ + z/;7 decays jH El E]; 
here and below Mk is the kaon mass and q, pi, p n are the momenta of 7, /, tt, respectively. 
In principle, these triple correlations can be used to probe new CP-odd effects beyond 
^ ! the Standard Model, which could also contribute to them. 

In the theoretical analysis of radiative effects in the discussed processes, the treatment 
of the accompanying radiation, which gives the effects on the order of u~ l and u° (the last 
ones originate from the radiation due to the lepton magnetic moment), is straightforward 
(here and below u is the photon energy). As to the structure radiation contribution on 
the order of u°, it is also under control, in fact due to the gauge invariance |8]. The 
contributions on the order of u (and higher) depend directly on the photon field strength 
F^ u (and its derivatives) and cannot be fixed in a model-independent way. We assume 
that the corrections on the order of u and higher are relatively small. Indeed, more 
quantitative arguments presented below demonstrate that such contributions into the 
discussed branching ratios and into the T-odd momenta correlation in K® 3 ^ decay do not 
exceed 20%. 

2. At the tree level, the K° — > 7r~/ + z/£7 decays are described by the Feynman graphs 
in Fig. m 

The matrix elements for diagrams la and lb look as follows: 

/ Pi C£G^ ^ 

Mla = -7^ sind Af+(t)(PK +Pv) a + f-(t)(pK ~ Pv)a\Uvl a {l+l5) I — + V h 

V2 \piq ZpiqJ 
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Pk P' Va^, 



a b c 

Figure 1: The tree diagrams of K° — > 7r~Z + z/;7 decays 

M lb = sin 9 c e[f+(t')(p K + p n + q) a + f-(t')(p K - PlT - q) a ]u vl a (l + 75)^ — ; (2) 

V 2 Ftf? 

here G is the Fermi coupling constant, 9 C is the Cabibbo angle, e is the elementary charge 
(e > 0), t — (px — p n ) 2 , t' = (pk — Pw — q) 2 ', here and below the lower indices attached to 
the matrix elements match the corresponding Feynman diagrams in the figures. 

Usually the dependence of the form factors / + and /_ on the momentum transfer t is 
described by formula 

/ ± (*) = /±(0)(l + A±^). (3) 

The experimental data are adequately described by Eq. ([3]) with A + ~ 0.03 for I = [i and 
I = e; A_ = for I = \i [9J; A_ for / = e is unknown, but one may assume that it is also 
close to zero. 

In the Kf 3 decays the ratio X±t/m\ is small, \±t/m\ < 0.1, so one can put f±(t) = 
/±(0). Since the ratio £(0) = /_(0)//+(0) < 0.1 is also small [10J, one can neglect /_(0) 
with the same accuracy. 

Thus, our expressions ([1]) and (|2J) simplify to 

M la = sme c ef + (0)(p K +p^) a u ul a {\ + 75) (— + v h (4) 

v2 V piq 2 piqJ 

G _ p n e* 

M lb = -= sin0 c e/+(O)(p# + p n + q) a u v ^ a (l + isjvt-?—. (5) 

V2 Pirq 

However, the sum of diagrams la and lb is not gauge invariant: it does not vanish 
under the substitution e* — > q. To restore the gauge invariance, one should add the third 
diagram where a photon is directly emitted from the vertex (see Fig. [lb). This contact 
amplitude has no single-particle intermediate states and therefore is on the order of u° 
and higher. The contribution ~ u°, as derived with the Low technique |8j, is 

M lc = — sin# c e/ + (0)eX 7 Q (l + 7s K (6) 

Thus, the model-independent gauge invariant tree amplitude of decays, including 
only terms on the order of u~ l and u° (but all of them!), is 

M tree = Mi a + M lb + M lc = -^= sin 6 c ef + (0) { [p K + p^) a u v i a (l + 75) u, 1 '"' ' h< 



V2 I \piq Pnq 



2 



qe 



+ (Pk + p w )aUi/7°(l + 7sk — v i + 



q a )u vl a {l + ^) Vl \. (7) 



This expression agrees with the corresponding formulas in Ref. [3] (if our /+(0) is set to 
its SU(3) value / + (0) = 1). 

It is convenient to present amplitude (J7]) as a sum of gauge-invariant contributions. 
They are the "infrared" term Mm corresponding to the sum of the amplitudes of accompa- 
nying radiation by the pion and lepton (independent of the lepton magnetic moment), the 
magnetic term M mag which is the amplitude of spin-dependent accompanying radiation 
of the lepton magnetic moment, and the Low term Ml ow : 



G ( pie* P^e* 

Mir = —= sin0 c e/+(O)(p# + p*) a u u j a (l + j 5 )vi 

V2 V PiQ P*Q 



M, 



G 



mag = -j= sin 6 c ef + (0) (p K + p n ) a u^ a ( 1 + 75 



qe 



-vi, 



M Low = ^= sin£ c e/+(0) ( e* a - ^- 
V2 V PnQ 



2piq 
u v ~f a (l +7 5 )«j. 



(9) 
(10) 



In the lowest order in G the decay width T(K° — > Ti^l + vi r )) is equal to the sum 
T(K^ —7- 7T _ / + z/;7) + T(K° L — > 7i + 1~ vf{) , which is measured experimentally (see also |4J). 
The results of calculation and experimental values for K^ L — > 7r ± / T z/;7 branching ratios are 
presented in Table [U here the following cuts in the kaon rest frame are used: u ^ 30 MeV 
and ^ 20° (except the experimental results for I = fi, where only restriction oj ^ 30 
MeV is imposed). 

We use in calculation the particle masses m# = 497.6 MeV, = 139.57 MeV, 



= 105.658 MeV, and m e = 0.511 MeV, the Fermi coupling constant G = 1.1664 x 10 11 
MeV -2 , the fine-structure constant e 2 /47r = a = 1/137, the Planck constant h = 6.582 x 
10~ 22 MeV-s, Kl mean life r = 5.1 x 10~ 8 s, sin0 c /+(O) = 0.217. 





I = /i 


I = e 


Bijnens et al. [3] 


5.2 x 10~ 4 


3.6 x 10" 3 


present work 


5.00 x 10" 4 


3.45 x 10- 3 


experimental values [9J 


(5.65 ±0.23) x 10~ 4 
u ^ 30 MeV 


(3.79 ±0.06) x 10~ 3 



Table 1: Branching ratios of — > 7r ± Z =F z/;7 decays 



The accuracy of our results can be estimated as follows. The leading corrections to 
them are due to the structure radiation from the hadronic vertex. They are proportional 
to the photon field strength, i.e. are on the order of u. There are good reasons to believe 
that these corrections are less than the Low structure amplitudes which are on the order of 
u>°. The Low contributions (including of course their interference with the accompanying 
radiation) to the discussed K\ — > 7r ± /i =F z/ At 7 and K\ — > TT ± e T v e r y branching ratios, accord- 
ing to our calculations, constitute 0.79 x 10~ 4 and 0.27 x 10 -3 , respectively. Let us note 
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also that corrections to the quoted results derived in Ref. [3] in the chiral perturbation 
theory are of similar magnitude. 

As mentioned, additional corrections on the level of 20% to the branching ratios orig- 
inate from our neglect of the form factor f-(t) and of the i-dependence of f+(t) (see also 
Table I in Ref. [2J). As to the relative accuracy of our numerical integration over phase 
space of final particles, it is about 10 -3 . 

To compare properly our results with those of Ref. [3] one should keep in mind that 
now the experimental values of some quantities are known with better accuracy. Indeed, 
we use sin# c / + (0) = 0.217 in our calculation and, as far as we can see, in Ref. [3] the 
corresponding value is 0.22. Substitution of one of these values for another alters the 
results by about 3%. 

Thus, our results for the branching ratios agree reasonably well with those of Ref. |3]. 



3. The T-odd triple momenta correlations £ = q ■ [pi x p 1 \jM\ in the K° — > 
decays arise from the interference term 2Re(M tree ^ oop ) in the decay rate; here M tree is 
the tree amplitude and Ai oop is the ant i- Hermit ian part of the loop diagrams presented 
below. As we are interested in the effect due to the electromagnetic final state interaction 
we consider only the one-loop diagrams generated from the tree ones by attaching the 
virtual photon. The on-mass-shell intermediate particles on the diagrams are marked by 
crosses. 

The anti-Hermitian part of the sum of one-loop diagrams is written as 

n 

where the sum over n includes the summation over the polarizations and the integration 
over the phase space of intermediate particles. 

It is natural to divide the loop diagrams into four groups according to the type of 
amplitudes Mf n and M* n . 

In the first group (see Fig. [2]) the amplitude Mf n depicts the Compton scattering off 
the intermediate lepton (see Fig. [3]): 

2- P ~ m l * 2- *Pl~k~ m l 

Mf n = M 3a + M 3b = e v h e k — e u, + e v h e — — - — e k v t . (12) 

Zpiq —ZpiK 

As to M* n , it is the same tree amplitude (j7|), up to the change of some notations: 



M* n = M ni = M tree \ = -= sin6' c e/ + (0) j (p K + p 7r ) cr M z ,7 a (l + j 5 )v kl ( 

e->e fc 



Piq Pirk 



+ (PK+P,) a u u r(l + I 5 )^v k[ + (e* Q -^fc Q )^7 a (l + 75K }■ (13) 



The element of phase space is 



d 3 k d 3 ki 



dp = -5 i4) (k + k- P), (14) 
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Figure 2: The one-loop diagrams (group I - the Compton scattering off the lepton) 







-k, -p -P, 

a b 
Figure 3: The Compton scattering off the lepton 



where P = p\ + q. 

In the second group of one-loop diagrams (see Fig. H]) the amplitude M/ n corresponds 
to the Compton scattering off the 7r-meson (see Fig. |5]): 



The amplitude M* n is the tree amplitude §J§ up to the change of notations: 
M* n = M m = M tree \ g ^ k , = ^= sin# c e/ + (0) {{p K + K) a u vl a {l + 75)^ ( ^ 

e— )-e& 



Pit? 



The element of phase space is 



(15) 



(16) 



(17) 



where P' = p w + q. 




Figure 4: The one-loop diagrams (group II - the Compton scattering off the 7r-meson) 



In the third group of one-loop diagrams (see Fig. [6]) the amplitude M/ n is tt-1 scattering 
amplitude (see Fig. [7]): 

M fn = M 7 = e 2 \F w (k 2 )\^( Pw + K) a v kll a Vl . (18) 
The amplitude M* n is also the tree amplitude (j7J) up to the change of notations: 

M* n = M ni = M tree \ Pl -+ki, = —7= sin0 c e/+(O) I (p K + K) a u^ a {l + 75)^ 

+ (Pk + h) a u u ~f a (l + ls)l^ v h + ^e* - yyfej *vy a (l + 7 5 )w fc; J . (19) 
The element of phase space is 

dp"=^y^^{h+K-p"), (20) 

ZUJi ZUJ n 

where P" = pi + p n . 

And finally, in the fourth group of one-loop diagrams (see Fig. [8]) the amplitude Mf n 
is tt-1 scattering with emission of a photon (see Fig. |H]): 
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a be 
Figure 5: The Compton scattering off the 7r-meson 




Figure 6: The one-loop diagrams (group III - n-l scattering) 



M fn = M 9a + M 9b + M 9c + M 9d + M 9e = e 3 \F n (k 2 )\-^r < (p n + K) a v hl a [ — + ^—\ v x 

k 2 { \piq 2p t qJ 

- (Ptt + K)aVki -j h 7TT~ l a vi - (P?r + K + q) a Vk l l a Vi- w 



hq 2kiqJ 1 p w q 

k e* 1 

+ (Ptt + K- q) a v h l a vi^ h 2e* a v kl >y a vi > . (21) 

K n q J 

As to M* n , it is the amplitude of K® 3 decays (see Fig. [TO]) : 

G 

M* n = M ni = Mio = -j= sin c e/+(O)(p* + ^) a M, 7 a (l + 75 )v fcr (22) 
The element of phase space is 

rl 3 k, rl 3 k 

dp'''=^y^^\h+K-p''% (23) 

ZUJi zu n 

where P'" = pi + p n + q. 

In the discussed decays k 2 < and \/ —k 2 < rriK{^ — m 2 /m 2 K ) < 450 MeV. At these 
energies the pion electromagnetic form factor can be approximated as 



\F n {k 2 )\^l+<ri>k 2 /^ (24) 

here < r 2 > is the pion mean square charge radius. According to our calculations (we 
use the PDG value < r 2 . >= (0.67 fm) 2 [S]), the contribution of term < r\ > k 2 /6 to 
the momenta correlation is small, namely, it does not exceed 5% of the contribution of 1. 
Therefore, we can put \F w (k 2 )\ = 1. Moreover, keeping < r 2 > term itself is beyond the 
accuracy of our calculation, because we have already neglected the form factor /_(£) and 
the i-dependence of f+(t). 
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Figure 8: The one- loop diagrams (group IV - 7T-Z scattering with emission of a photon) 

The one-loop diagrams from group III contain infrared divergent terms, which can be 
omitted because infrared corrections to the decay width are factorized and, therefore, do 
not contribute to the effect. 

The details of the calculation of the T-odd correlation £ = q ■ [pi x p v ]/M^ can be 
found in Appendices. 

In fact, what is really measured experimentally is not the T-odd triple momenta 
correlation £ by itself but the asymmetry 

_ N + - AL _ / (\M\len + \M\ 2 oM ) d^ >0 - J (\M\len + \M\l dd ) d$ g<0 

? N + + N_ j (\M\l ven + \M\IJ d^ >0 + J (\M\l ven + \M\IJ d^ <0 

f\M\l dd d^>o „ f\M\l dd d^>o 
j\M\j ven d^ >0 ~ J\M tree \^ >0 

induced by this correlation; here N + and AL are the numbers of events with £ > and 
£ < 0, \M\l ven and |M|^ dd are the £-even and £-odd terms in the amplitude squared, and 
integration is performed over the phase space of the final particles. 

The results for the asymmetry in K° — > 7T - / + i/j7 decays are presented in Tabled 
(here K° means both K° L and Kg, and the following cuts in the kaon rest frame are used: 
u ^ 30 MeV and 6 h ^20°). 

The contributions of the Low term Ml ow to the asymmetry in K° — > n~ [i + v ^( 
and K° — > 7r~e + z/ e 7 decays, according to our calculations, constitute 0.9 x 10~ 4 and 
— 0.9x 10~ 4 , respectively. Therefore, the contribution of M Low for K® 3 decay is about 20%. 
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(25) 




For Kr^ decay, however, it is large, comparable to the contributions of the accompanying 
radiation which are on the order of Co> _1 and u°. So, it is difficult to estimate reliably 
the relative magnitude of the structure radiation contribution proportional to u, i.e. to 
estimate reliably the true accuracy of thus-derived result for in K° — > tt~ /i + z/ M 7 decay. 
However, we note here that corrections to the discussed asymmetry in the K + — > 7r°/ + ^7 
decays, derived in Ref. |6j within the chiral perturbation theory, are small, on the order 
ofl%. 

The asymmetry was measured only in the decays 112]. The experimental 
errors are on the level of 10 _1 for I = fi and 10~ 2 for I = e. Therefore, at present it is 
impossible to test the discussed theoretical predictions that are on the order of 10~ 4 Cl- 
in any case experimental study of the T-odd asymmetry A^ in the decays would 
be very important. It would allow one either to test CP-odd effects beyond the Standard 
Model or to set limits on them. 
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/ = ji 


/ = e 


group I (/ — 7) 


-0.54 x 10~ 4 


-1.32 x HT 4 


group II (it — 7) 


-3.6 x 10" 4 


-3.2 x 10- 4 


group III (it — I) 


1.73 x 10" 3 


8.6 x 10~ 4 


group IV (tt — I — 7) 


-1.41 x IO- 3 


-8.6 x HT 4 


total 


-1 x 10~ 4 


-4.5 x 10" 4 



Table 2: A$ in K° — > n l + vfy decays 
(w ^ 30 MeV and 9 h ^ 20°) 
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Appendix A 

In this Appendix the list of the integrals that contribute to A\ oov is given. 
In formulas below we use the following notations: 

I nP = y/(p n P)*-mlP*, 

I[ P = sJiPiP' f ~ mfP' 2 , 

ling = yj (piPn + Piq + Pnq) 2 - m 2 m 2 n . 
We start with the integrals that contribute to group I of the one-loop diagrams: 



/ 



dp = a = p2 ; (A.l) 



/ 



k^dp = a P P^ where a P = a ; (A.2) 



60 = —hi ( — ; (A.3) 



/ 



^ = b = —In (- 

pik ° 2piq \m 

^dp = B lli = b l p lli + b P P li , (A.4) 



where bi and b P are the solutions of the set of equations 

bim] + b P (piP) = a , 
b l (p l P) + bpP 2 = b (p l q); 
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dp = B 2fiu = b 2 g^u + bupippiv + bppP^P u + k P (p^P u + Ptf>i„), (A. 5) 



where b 2 , b u , b PP , and b\ P are the solutions of the set of equations 

46 2 + bum] + b PP P 2 + 2b lP ( Pl P) = 0, 
b 2 + b u m] + b lP ( Pl P) = 0, 
b PP (piP) + b lP m] = a P , 
b 2 + b PP P 2 + b lP ( Pl P) = b P (piq); 



I 



^ = c = ^ln( P * P + hp ); (A.6) 
P«k 2I wP \pvP-hp)' 1 ; 



/ 



p n k 

where c n and c P are the solutions of the set of equations 

c^ml + c P (p n P) = a , 
CiriPirP) + c P P 2 = c (piq); 



k 

Y d P = C ^ = CkPitv + cpP/x, (A. 7) 



f 7 — ttt — 7T = do = 4 P -^A ; (A.8) 

y {Plk){Pnk) 2(pjg)/, w \PlPir-IlirJ 

/k 
(pik)( P7T k) dp = Dllx = dlVlil + dnP ^ + dpP ^ ^'^ 



where <i;, (4-, and dp are the solutions of the set of equations 

dim] + d n (pip n ) + d P (piP) = c , 
di(piPn) + d n ml + d P (p w P) = b , 
d,(p,P) + d n (p„P) + d P P 2 = d (p iq ); 



k k 

-dp = D 2{1V = d 2 g^ + duplet, + d^p^p^ + d PP P^P u 



J (PltyiPirk) 

+ dlvipinPnv + Pn^Plu) + dlp(p ¥ P„ + Ptflv) + d*p{p*nP V + PpPnv) , (A.10) 

where d 2 , d n7T , d PP , di n , d[ P , and d nP are the solutions of the set of equations 

Ad 2 + dam] + d W7r ml + d PP P 2 + 2d ln (p lPw ) + 2d lP { Pl P) + 2d nP ( Pn P) = 0, 

rf 2 + d H 77i? + dteipiPit) + dipipiP) = 0, 

dnnipiPn) + G^mf + d nP (piP) = C n , 

d PP (piP) + d;pmf + d wP (pip n ) = c P , 
d 2 + d^m* + tZ Jw (piP w ) + dnpipitP) = 0, 
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dpp{p-„P) + dipipiPn) + d^pml = bp, 
d 2 + dppP 2 + dwipiP) + d nP ( P7T P) = d P ( m ). 



Note that if in these integrals and sets of equations one changes all indices tt (related to 
7r-meson) to indices K (related to if-meson), then one gets integrals and sets of equations 
arising in calculation of T-odd triple momenta correlations in decays [7]. 

Most of the integrals that contribute to group II of the one-loop diagrams are those 
contributing to group I up to the change of some notations: indices I related to lepton 
must be changed by indices tt related to 7r-meson and vice versa. 




(A.11) 



J k^dp = a'pP'p where a' P = j^a' Q ; (A.12) 

/ kyk v dp' = A' 2 ^ v = a 2 g^ u + a 'ppP'^Pl > (A.13) 

where a 2 and dpp 3X6 the solutions of the set of equations 

4a' 2 + a' PP P' 2 = 0, 
a' 2 + a'ppP' 2 = a p (p w q); 



p n k 2p 7T q \ml 

J ^dp' = B' lfl = b'^ + b'pPl , (A.15) 



where b' n and b' P are the solutions of the set of equations 



b'^ml + b'pip^P" ' 



a, 



o- 



b' n ( P7T P') + b'pP' 2 = b' (p n q) 



[ ^dp 1 = = b' 2 g, v + b' nn p^p wu + b'ppP^Pl + K P {p^P' v + P> w ), (A.16) 

J PnK 

where b', b' n7: , b PP , and b' nP are the solutions of the set of equations 

Ab' 2 + W + b'ppP' 2 + Kp{v,P') = 0, 
b' 2 + b^ml + b'^P') = ^ 

b' PP {p^P') + Kp m l = a 'pi 
b' 2 + b'ppP' 2 + b' 7T p(p n P') = b'p(p 7T q); 



dp' 
Pik 



71 

Z1 IP 



111 



PlP' 
PlP' 



1'ip 



(A.17) 
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/ tk dpf = c[ » = C ' IP¥ + c ' pp; ' 



(A.18) 



where c\ and c' P are the solutions of the set of equations 



where d[, d' n , and d' P are the solutions of the set of equations 



d\m] + <(mv) + d' P (piP') = b' , 
d'i(piPn) + d'^ml + d'pip^P') = Cq, 
d{{ Pl P') + d' n (p n P') + d' P P' 2 = d' Q {p n q)- 



-dp = D 2)ll/ = d' 2 g^ u + d' u p^pi u + d'^p^p^ + d'ppP'^ 
+ d'^{pi^u + Pn^Piu) + d' w (p^Pl + P'^piv) + d'^p^Pl + P^w), (A.21) 



where d' 2 , d' u , d' n7T , d' PP , d' llT , d' lP , and d' nP are the solutions of the set of equations 



Ad' 2 + d' u m 2 + d' nn ml + d'ppP' 2 + 2d' ln (p lPn ) + 2^ P (p,P') + 2d' nP (p n P') = 0, 



d' 2 + d' u m 2 + df ln (p lPv ) + d'^P') = 0, 
d' nn (PiP,) + + < P feP') = b' n , 

d'p P (piP') + d' lP m 2 + d' nP (pip^) = b' P , 

4 + d L m l + dL(PiP*) + d lp(PnP') = 0, 
d'ppip^P') + d' lP {pip n ) + d' nP ml = c' P , 

d' 2 + d'ppP' 2 + d'^P') + d' nP (p n P') = d' P (p w q). 



The integrals arising in calculation of group III of the one-loop diagrams: 



c{m? + c'pipiP') = a' , 
c'tiptP 1 ) + c'pP' 2 = c> (p n q); 




(A.19) 




(A.20) 





(A.22) 




(A.23) 




(A.24) 
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/ 



^dp" = Bl = b" q% + y p Pl (A.25) 



where b" q and b" P are the solutions of the set of equations 

b" P {P"q) = al 

b"(p"q) + b' P p" 2 = bZ( Pl p"y, 



J kj h^ dp " = = ^ + + b " ppp » p " + h "^ K + p >^ (A - 26) 

where b^, b qq , b PP , and b qP are the solutions of the set of equations 

4b'> + b' PP P" 2 + 2b' q ' P (P" q )=mX, 
bl + K P (P"q) = 0, 

K q (p"q) + K P p" 2 = K( Pl p"y 
K + b' PP p" 2 + b'; P (p" q ) = b' P ( Pl p"y, 

j Jtq^" = C "» = ^ + C " pP '^ (A - 28) 
where c q and c P are the solutions of the set of equations 

cUp"i) = C 
c':(P"q) + c' P p" 2 = c^ P7T p"y, 



I 



"<h>" = C% V = c'>g, u + d> q q»q v + d PP P'^ + cf P (^ + P';q„), (A.29) 



Kq 

where cf,', c qq , c PP , and c qP are the solutions of the set of equations 

44' + c' PP P" 2 + ld' qP {P"q) = mlc'>, 

4' + ^ P {P"q) = o, 

cUP"q) + cipP" 2 = c>{p,P"), 
4 + c' PP P" 2 + c' q ' P (P" q ) = c' P (p,P"y, 



dp" 7T , fp 2 P" 2 \ 

Hirh . ( A - 3 °) 



k 2 4/ Iw V 4i£ 
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here p? is the cut-off parameter for the logarithmically divergent integral over k 2 , and the 
sign — > means that infrared divergent terms are omitted; 



7Y 



in 



21, 



l.TT 



P.P" PlP" 

p,,2 P¥ p„2 ?V 



(A.31) 



7T 



dp" 

k 2 (k,q) 4:(piq)I i7T 



In 



p 2 P" 2 



+ In 



m 2 (P"q) 2 
P"\piq) 2 



7T 



4(pjg)/j w 



In 



m 2 (P"q) 2 

P" 2 (piq) 2 
(A.32) 



A: 2 (M) 



where e", e", and e" are the solutions of the set of equations 



(A.33) 



e"{piPn) + e'lm n + e q {p^q) = - 6„ + (pjPttK, 

eW + <(MV) + <(p,g) = -- 6g + mfeg, 
e{'(p,g) + e^g) = 0; 



/ 



-g^-^dp ->■ £ 2/il/ = e 2 c^ + e„p^p^ + e nw p w ^p nu + e qq q^q u 



+ e 'L(PivP™ + + 4 q {Pi^v + %Piv) + e" q (p wll q u + q/j)*,,), (AM) 

where e 2 , e^, e"^, e^' , e^, e" ? , and e" g are the solutions of the set of equations 

4e 2 ' + e> 2 + e'^ml + 2el( PlPn ) + 2e'( q ( Pl q) + 2e^(p w g) = m 2 e(,', 
e 2 'm 2 + e>? + e'^p^) 2 + e!' qq ( Pl q) 2 + 2e{X(p lPff ) + 2e{X(p,g) + 2el q ( PlPn )( Pl q) 

" (P"q) 2 2\ P"q + m i) b o+m l e 0: 
e 2 m l + e'uiPiPn) 2 + e" n ml + e qq {p n q) 2 + 2e" 7r m 2 r (p*p 7r ) + 2e" q ( P i Pn )( Pn q) + 2e" q m 2 w {p n q) 

= (p ^ )2 + 2 \ pTq + ^) J 6 o + (PiP*) e , 

^(PiP*) + e^rnKptPn) + e^m^p^) + ej 9 (p,g)(p ff g) + ^(mfm 2 + (m^) 2 ) 
+e{',((PiPir)(Pi5) + m 2 ( P77 q)) + e",((p { p w )(p w g) + ml( Pl q)) 

e 2 + e{',(pjg) + e'l^q) = 0, 
2/, w P" 2 ' 

7T ^P" 



e^(p w g) + e{' ff (pig) = - 



2/ Jw P" 2 ' 
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dp" 



71 



k 2 (k w q) 4(p w g)/ Jw 



In 



2 D//2 



/i 2 P 



In 



ml(P"q) 2 



7T 



7T/J- 



P" 2 (p w g) 2 

7 // . 771// x" 1 X" 1 X" 

fc2 ^ ^ rf P ->• F 1 M = fl Pin + + fq Q» 

where //', and are the solutions of the set of equations 

//w.) + />' + %M = -\ c'o + <fl 

fiiPiq) + f"M = 0; 



In 



ml(P"q) 2 ' 

4(p ff g)/, w "AP" 2 ^) 2 , 
(A.35) 



(A.36) 



+ f!l(Pl»Pnu + Pjt/jPJi,) + fufollAv + %Plv) + fnqiPn^Qu + Q^Pnu), (A.37) 

where /£, ///, /£, and are the solutions of the set of equations 

4tf + />? + + 2/^(w.) + 2/J(p,9) + V'; q M = mlfl 

/X + />f + t(Pft) 2 + ^(w) 2 + 2//>iW) + 2/Jro?(Pi9) + 2f: q ( Pl p w )(p iq ) 

f>l + /«(P^) 2 + f'L< + + Vl>l{PiP,) + V'i' q {PiP,){p,q) + V: q ml{p,q) 

_ iKd'Iq) _ 1 ( M(p«p") 

(P"q) 2 2 V P"g 



+ m 2 eg + 



/2 (WP*) + fu™ 2 (piP.) + f^mUpiP.) + &(piq)M + fiMW, + {pw.f) 

+flq((PlPn)(PlQ) + m 2 {p w q)) + f" q ((piPn)(Pnq) + ™ 2 (P*?)) 



(P"g) 2 + 2 1 



J c + m n {pip n )f G , 

f2+fi' q (pi<i)+f: q M = o, 

'24, P" 2 ' 
24r P" 2 • 



/h(Pi9) + = 
The integrals arising in calculation of group IV of the one-loop diagrams: 



dp" 



a'" - 

"0 " p,„2 ' 



(A.38) 
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J k^dfT = <!i>;', where a% = gf!±M a y ; (A.39) 

'/ 



fc,g ' 2P"g + 

= = ^'V + ^ (A.41) 
where b"' and 6p are the solutions of the set of equations 



b">{P"q) = a' ", 



K , (P"q) + b'ZP"' 2 = bZ(p l P"'+p 7rq ); 



J ^ dp "' = = ^ + + + + W, (A.42) 

where , bg' q , b PP , and b"^ P are the solutions of the set of equations 

A^ + b"UP"' 2 + 2^ P {P" q ) = mX, 
^ + = 0, 

4" + 6p' P P'" 2 + ^(P"?) = fcp^P'" + p K q)- 
df_ _ „, _ _k_ ( p.P'"+Piq + Im q \ . , , 



/ 



= = cjfy, + c-P;, (A.44) 



where c' q and c'p are the solutions of the set of equations 

c" P \P"q) = 
c^P"q) + c^P"' 2 = c^p n P"' + p iq y, 

[ k -^dp>" = Cl v = + C» + + 4' P (q»P? + P"q v \ (A.45) 

J K nq 

where 4") c^, c PP , and c^p are the solutions of the set of equations 

44" + Cp'pP w2 + 2<p(P"g)=m2 C - ! 
4" + < P (P"g)=0, 
c^P"q) + ^ P P"' 2 = ^^P"' + p l q) ) 
4" + c'^P'" 2 + < P (P"g) = c'^P'" + M ); 
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dp'" _ d ,„ = 7T / (PnP)(PlPTT + Piq + PnQ) ~ ^fa-P) ~ 4rg4p \ . ^ ^ 



J {p *\ ? d P'" = K = <W + <%P„ (A.47) 
where d'" and dp are the solutions of the set of equations 

d':( Pn P) + d%P 2 = -±a% + ( Pl P)d' "; 



I 



dp'" „, 7T / {piP') (pip n +piq + p n q) - mf (p w P') - I lvq r iP ' . 

= e o = 77T ln /„ r>A/„„ i „ : i z „\ — ^i<„ oa i t — TT ; l A - 48 ) 



(p, - /c;) 2 4J/ P V (PiP')(PiPn + Pi9 + P^g) - ntfip^P') + J^J/p 

/ (^tF rfpW = ^ = e '" Pl » + (A - 49) 

where e"' and e P are the solutions of the set of equations 



e>? + e'^P') = \a'Z + (p,P')C 



4\PiP')+^p' 2 = -\<+{p,py^ 



dp'" ,„, k 

Jo 



(p* ~ K) 2 {hq) 4(p,g)/, w 



ln ( PipApiPtt + Pig + P^q) - mfml - Ifalfag A _ 

\PlPn(PlPir + Piq + P*q) - mfml + kJlKq) ' 

(A.50) 

/ = 1 = + & " + (A - 51) 

where //", /"', and f " are the solutions of the set of equations 

fi'm 2 + + /j"(p,<z) = - <' + { Pl P)f^ 



fi'iPiPn) + />* + %M = \K + (p*P)ff, 



f' l "{piq) + f:{p,q) = d' "; 



I 



(p n - kS 2 (kiq) dP = ^ = j " 9lXV + fll Pl " PlU + f ™ P ^ P ™ + f ^ q » 

+ fi"{PiiiP™ + PkixPiv) + f" q \pi^qu + q^Piu) + f"' q (p^qu + q^u), (A.52) 
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where f%' , ///', f^, f™, and fi' q are the solutions of the set of equations 

4^" + « + Cml + vzipip.) + y'liipsi) + 2/;;(^g) = ™ 2 c, 

fM + fl'/mf + f':Mv,f + Qipiqf + V^mlipiP.) + Vi^iipiq) + 2/£( PlP)r )(p I ( Z ) 

= {piPfff - I (PIP + jS- q (PlP"' + ftr?)) &o" " (PlPK 
^ / Ptt^'" Ptt? \ T 1 ,/, , n/// v 

+ m P iP,) 2 + + Op.g) 2 + + 2^w)M + 2/;xm 

= fer W + i (ftrP + f^'" + ft*)) K + ^ - ^) W 

^W) + fu'miKpiP*) + CrnliPiP*) + f%(p*l)M + fMm\ + (p^) 2 ) 

+fl'q((PlPn)(PlQ) + m l(Pnq)) + /"^((PjPtt) (Ptt?) + "4(PiS)) 

= (mP)(p«P)ff + ^ (p^ - f^(p^'" + pw)) &o" - (p^K 

_I '" _ _ f P?rPW P^g ^\ r 

2 a ° 2P"gV J P w2 P"q) q ' 

J7 + ^(pi?) + C(p^) = 4', 

fuiPiQ) + fZM = 4', 

/;;(p^) + ^?(pi?) = <; 



f dp'" _ ,„ _ 7T / PlPnjpiPn + Ptf + p^q) ~ ITlfml - hJ^A _ 

7 (pj - k) 2 {hq) 9 ° 4:(p n q)I l7T n \pip n {pip n + piq + p n q) - mfml + hJ^J ' 

(A.53) 

/ te-^M) *" = Gi " = ^ + + <V (A ' 54) 

where g'", g'", and g^' are the solutions of the set of equations 

9 , l "(piq) + 9 > :(Pnq) = e^ 



—h^——dp m = G'^ v = g'l'g^ + guPi^pw + g'^p^v™ + g'^q^v 

+ gZ(P¥P™ + PvvPiv) + g'iq{pi^qv + q^piv) + g'" q (p^ + q^), (A.55) 
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where g'^', g'^', g'" w , g qq , g[", g' lq , and g"' q are the solutions of the set of equations 

4^" + g'M + gZml + 2gZ(PiP«) + 2<(p,g) + 2<( Pjr g) = m 2 ^", 

«?> 2 + g'{lm\ + g^fap*) 2 + g' q " q (piq) 2 + 2< ? , , > 2 (p,p 7r ) + 1g'l' q m] ( Pl q) + 2^(p {Pw )(p,g) 

/ D A2 /// . 1 / 0/ . Pi? / D/« , ^ /» , 71 ( P lP '" PM \ T 

= (piP ) 9o + 2 [Pi p + p^b- p + m) J c o + 275^ - p^J 

+ 9u(PiP*) 2 + <C"4 + flJM 2 + 2 €™l(PV*) + 2sft(PiP*)M + 2C<M 

= (p*JW - \ (p«p' + ^(fr^'+m)) <% - (p^pVo 

; ( PlP'" PlQ_\ T 1 m _ ( p/// \ 

2P"g 1 P'" 2 P"q) q 2 1 1 J ' 

92(PiPn) + g'u'mi(pip„) + g'^mKpiPn) + g qq {piq){p^q) + ^"(m 2 m 2 + (pip n ) 2 ) 

+9il((pip*)(piq) + m2 (p^)) + 9* q ((pip*)(p*q) + m l(piq)) 

= (p*P')(PiP'K + \ [p,P' - j£- q {p«P'" + Pi?)) C - (p,P'K' 

_I "' _ Jl— f PlP "' - ™i\ t 
2 % 2P"q\P'" 2 P"q) 

9% + 9'^Piq) + CM = 

C(p*?) + gZ(piq) = 4', 
gZ(piq) + gZ(p,q) = eT- 

Appendix B 

In this Appendix we give the formulas for the anti-Hermitian part Ai oop of the one-loop 
diagrams. It can be expressed as follows: 



Aoop = 5-3 J2 M fnM* in = — V (M 3a + M 3b ) (M IR + M mag + M Low ) \ q ^ K 

e->-e k 

+ (M 5a + M 5b + M 5c )(M IR + M mag + M Low )\ q ^ 
+M 7 (M IR + M mag + M Low )\ Pl ^ ku + (M 9a + M 9b + M 9c + M 9d + M 9e )M 10 

Pit ^&7T 



— {Aza-IR + Aa-mag + Aa-Lou> + A 3 6_/fl + A 3 b-mag + ^36- Low) 



+ (A 



5a~IR + Aa-map -|- ^l5a-Low "I" ^Sb-ZiJ "I" ^bb-mag "I" ^fr-Lou; "I" ^bc-IR "I" ^Sc-mag "I" ^Sc-Lou; 
+ (^7-7fi + ^T-ma 9 + + (^-9a-10 + -^-96-10 + ^9c-10 + ^9d-10 + ^9e-lo), (B.l) 

where 



+A 



,+A 







3a-IR 



8tt 2 



«e 2 G 



87T 2 ^ 



sin 9 c ef + (0)u u (p K + p 7r )(l + 75) 



x 



c (P - mi)p n - Cip n H (a (P - mj) - a P P) 

Pig 



P — mi 

ipiq 



e*vi; (B.2) 
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A 



ie 2 G 



3a— mag 



— M 3a M mag \ g^fc, = — — = sm6 c ef + (0)u u (p K +p 7r )(l + 75) 
8n 2 ^ Pl ^ ku 8tH V2 

x 2a P {P 2 + 2miP) 



e-5>e fc 



iW¥ ev " (R3) 



ie 2 G 



Ma-Low = t-jTI M 3a M Lou ,| = — — sin6> c e/+(0)M^(l - 75) 



X 



2a (P + 2m,) - 2a P P + Gi(P - m,)Ar 



^e«„; (B.4) 



3b-IR 



X 



V"M 3b M /it | ^ fc , = sin6' c e/ + (0)fZ i/ (p^ +p 7r )(l + 75) 

n e-5>e fc 
1 



8tt 2 



(P - m;)e* ( — ( (p, - mO(6 0j P - #i) - PiP) - d (p; - m*)p\r + £>ip 7 



- (Pie*(p z - mi )P - B 2fIU Ye*(pi - rrn)Y - B 2fll/ Ye*l u P) 

+D 1 e*{p l -m l )p 7r -D 2 ^e*YPn v t ; (B.5) 



Pi 9 



^■36— mag 
1 

X 



*e 2 G 



— VM s I mj | g^ fc) = — — = sin ^ c e/+(0)^(px+P7r) (I + 75) 
8tT Z ^ P( _> fe( , 8tt z ^2 



2p«g 



B 2 ^7^eV + 4m i P 2 ^ 7 ^-P 1 ^e*P-4m / (Ke*)P 1 -m/P 1 e* v V) (B.6) 



ie 2 G 



136— Low 



— V M 3b M Low \ g_, fci = sin0 c e/ + (O)u„(l - 75) 

x i [P 2 ^7^(B - rm)e* YPn - Pi(P - mi)e*(pi - mfip* 
-2B 2 ^e*Y + 2B 1 e*P + 2p l e*B 1 + Sm^e* 1 " 

-2b (pie*P + 4m,(p,e*) + m 2 e*) u,; (B.7) 



= ^-j /J M 5a M Ji? | g^ fc , = — — sin c e/+(O)u I/ (p* + P') 



e->e fc 



X 



Co(P!^')-«i 



PirQ 



C[( Pl P')-a' P ^P' 

PnQ 



(1 + 7 5 )uj 



(B.8) 
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i ie 2 G 

A 5a -mag = M 5a M mag \ g ^ fc , = , ■= sin 6> c e/ + (0) 



ra e^e fc 



xu„(PK + P'^l + ^CiP'v^; (B.9) 



*e 2 G 



A 5a -Low = 3-2 M 5a M Lo „,| ? _> fe> = — — sin6» c e/ + (0)M i ,P'(l + 75)^ 



X 



a — a P 



; (B.10) 



A 5b -i R = ^J2 M ^M IR \ = -^^= sin 9 c ef + (0)u u { (p K + P') 

o7T PTv^-kn, 47T >/2 I 



e-5>e fc 



X 



^V (p.e*) - P^e*") - ^(a' - a' P ) - (p lPn )(d> (p n e*) ~ K e *") 

PttQ PnQ 

^(B[(p n e*) - B>^e*n - ±-{a> P {p«e*)P> - ^fO 



-(ptfOKP^A - D^-fen] } (1 + 7sK (B.ll) 



*e 2 G 



= ^ M 5b M maff | ? _> fe) = — ^= ski 6 c e f + (0)u v (p K + P')(l + 75 ) 
07T ^ p^fc», 47T Z a/2 



X - 

2 



D' 2 ^ u Ye* u - ( P ,e*)D[ p^r, (B.12) 



Az,b-L0W — ^ M 5b M Low | 

n 



e-*-e fc 



ie 2 G 



4tt 2 a/2 



sin# c e/+(0) 



PttQ 



{B[(p n e*) - B' 2 ^Ye* 



P^q 



{a' P (p^)P> - AZ^-fe* 



-p n (( P7r e*)b' - B'^e*n] (1 + 7sK (B.13) 



5c-IR 



8tt 2 



q^k, 
Pir—tk-jn 
n e->e fc 



X 



i' - a' P ) - (p,e*)cj, 



" 4tt 2 a/2 



sin0 c e/4O)^{(pV + P') 



1 



> P < A > Y e 

Pirq P*q * 



(pie*)C[ 



(l + 7 5 )^; 
(B.14) 



22 



A 



ie 2 G 



5c— mag 



— M bc M mag \ = — — = sin 6 c ef + (0) 



zU v (pK + P')(l + lf>)C' 1 e*v l 



e-5>e fe 



(B.15) 



'-be— Low 



8tt 2 



q^k, 

™ e->e fc 



4tt 2 



sin# c e/ + (0) 



x u,. 



1 



•P " 



a P P' ^....7" 



(I + 75K (B.16) 



X 



8tt 2 



*e 2 G 



^ 8vr 2 



sin0 c e/+(O)u I/ (l - 7s)(px + P" + mj) 



% sr^ ie 2 G 1 

A 7 - mag = ^ >J M 7 M mag \ Pl ^ ku = — —^ sin 6 c ef+(0) -75) 



X 



Stt 2 ^ ' ™^ Sir 2 v/2 " • T 2 ' 
(p K + P")qe* (e'I - mi e'i) + m^qe* - E'^qt^] (p w + P" + m,)v,; (B.18) 



A 7 _ 



Low 



ie 2 G 



8n 2 ^-'- Lowlp p ^t Svr 2 ^' 

x [i^g^e*" - - mO^e*" + e*P//] (p„ + P" + m,K (B.19) 



sin 6> c e/ + (0)^(1 - 75) 



*e 3 G 



^Qa-lO = M 9a M 10 = 8^2^ Sm0 c / + (O)^(l - 75 )(p K + P'" + 



mi) 



x (p//' - mi <%) (p n + P'" + mi ) + ^ W| ; (B.20) 



ie 3 G 



96-10 



X 



8tt 2 



£ M %M 10 = - — — sin0 c / + (O)^(l - 75) (p* + P'" + mi) 



(Kv-f*™ ~ rrHFZe^) (p. + P'" + m t ) + ± (*f - m,/^) ge*(p. + P'") 

uj; (B.21) 



+lmiqe*F{" - ^7^*7* 
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.4 



9c-10 



57T 



M 9cM 10 



ie 3 G 



sin 6>J+ (O)t^(l - j 5 )(pk + P'" + mi) 



x (P" f - mi)e'{ - E'(' + q + P'" + m,)^ 



P»r5 



;b.22) 



.4 



9d-10 



8tt ; 



5^ M M M 10 



ze 3 G 



sin0 c / + (O)^(l - ^){Pk + P'" + mi) 



(P"i - mi)G'^ - G^-fe™] (p* - g + P'" + m l )v l] (B.23) 



A 9e _ w = ^J2 M ^Mio = ^~m sin^ c /+(0) ■ 2u v {l - j 5 )(p K + P'" + m t ) 

n * 

x ((P'" - mi )e™ - Efj e*v h (B.24) 
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